Transverse spin angular momentum is an inherent feature of evanescent waves which may have applications in nanoscale optomechanics, spintronics, and quantum information technology due to the robust spin-directional coupling. Here we analyze a local spin angular momentum density of hybrid surface waves propagating along anisotropic hyperbolic metasurfaces. We reveal that, in contrast to bulk plane waves and conventional surface plasmons at isotropic interfaces, the spin of the hybrid surface waves can be engineered to have an arbitrary angle with the propagation direction. This property allows to tailor directivity of surface waves via the magnetic control of the spin projection of quantum emitters, and it can be useful for optically controlled spin transfer.
I. INTRODUCTION
Metasurfaces are artificial two-dimensional nanostructured materials which exhibit new properties allowing to control and manage light propagation in an unusual way 1 . Recently, there has been significant interest in metasurfaces 2, 3 , which is related to the interesting features and advantages that can be offered by these structures 4 . Keeping rich functionality of threedimensional metamaterials, metasurfaces are simpler to fabricate, and they can be easily integrated into on-chip optical devices [5] [6] [7] . Metasurfaces provide efficient beam shaping, phase and polarization control of light allowing to construct virtually arbitrary polarization vectors of the reflected or transmitted waves [8] [9] [10] [11] [12] [13] [14] .
Another appealing feature of metasurfaces is that similar to bulk metamaterials providing efficient control over the bulk modes, metasurfaces provide unprecedented control over dispersion and polarization of surface waves [15] [16] [17] [18] . This idea was put forward in the seminal paper 19 in application to graphene metasurfaces, and it was recently realized experimentally in the visible frequency range with the plasmonic grating structure 20 . Namely, a negative refraction of surface plasmon-polaritons has been demonstrated at the interface between silver and a hyperbolic metasurface 20 , i.e., a system characterized by the surface conductivity tensor with the principal components of different signs [21] [22] [23] [24] . It has been pointed out that the directivity of surface plasmons at the hyperbolic metasurfaces can be controlled with high flexibility allowing almost unidirectional propagation of surface waves excited by a point source.
The studies of surface waves have recently gained a new twist since it has been shown that they possess the unusual transverse spin angular momentum, perpendicular to their propagation direction 25, 26 . Transverse spin is a generic feature of inhomogeneous light fields, and it has recently attracted considerable attention 27, 28 . Importantly, a number of recent experiments [29] [30] [31] [32] demonstrated that the transverse spin of evanescent waves provides a robust spin-direction coupling in a variety of optical systems 33 . Both transfer and control over the angular momentum of light at the nanoscale has a plethora of perspective applications in nanoscaled optomechanics 34, 35 paving a way towards multidirectional mechanical control of the nanoobjects with light. Moreover, the coupling of the surface waves carrying the angular momentum to the magnetic solid state system leads to the novel magnetooptical phenomena such as transversal magneto-optical Kerr effect 36 , and it opens new perspectives for the efficient optical control over the spin currents in solid state systems, which is a subject of rapidly emerging field of spinoptronics. As such, it offers an efficient tool for spindependent control of light 37 . Electromagnetic eigenmodes of free space are plane waves whose spectrum (light cone) is double-degenerated with respect to polarization degrees of freedom. The spin angular momentum of a plane wave is always collinear to the propagation direction, and its projection on the wave vector (i.e., helicity) lies in the range [−1, 1]. The helicity eigenmodes are left-hand and right-hand circularlypolarized waves. Note that here and in what follows we consider pure momentum eigenmodes; superpositions of plane waves have more sophisticated spin properties 27, 28 . Electromagnetic surface waves can appear, e.g., at an interface between two isotropic media. In the generic case, the spectrum of surface waves is non-degenerate, and either linear TM or linear TE modes exists. For TM (TE) modes, electric (magnetic) field rotates in the plane perpendicular to the interface and containing the wave vector. Therefore, spin of surface waves lies in the plane of the interface and is directed perpendicular to the wave vector, in contrast to bulk plane waves 33 . Thus, in isotropic media, the spin angular momentum can be either purely longitudinal for plane waves or purely transverse for surface waves. For nanophotonic applications, it would nevertheless be desirable to be able to tune spin direction and its absolute value continuously.
In this work we reveal that surface waves localized at anisotropic metasurfaces can serve as an instrument to fill this gap. We show that polarization of such surface waves can continuously change from linear TE or TM to elliptical, or circular (left of right) as a particular case. It provides controllable change of the angle between the spin and propagation direction in the range from 0 to π. These findings open new routes for both optomechanical manipulation of nanoobjects and for optical control over spin transport in semiconductor nanostructures coupled to hyperbolic metasurfaces.
II. DISPERSION OF HYBRID SURFACE WAVES
We consider a two-dimensional anisotropic structure shown in Fig. 1(a) . Specific realizations include natural two-dimensional anisotropic materials such as hexagonal boron nitride [38] [39] [40] , plasmonic gratings of different geometries 41, 42 , or patterned graphene nanostructures 23, 43 . For microwaves, such anisotropic metasurfaces can be realized with the LC contours 44 . Within the local approximation the electromagnetic response of an anisotropic metasurface can be characterized by a surface conductivity tensor
We assume that conductivity tensor components have a resonance behaviour described by the Drude-Lorentz approximation:
Here A s is a constant, which depends on design, Ω s is the resonant frequency, and γ s is the bandwidth of the resonance defined by losses. For the sake of simplicity, in what follows we neglect losses, γ s = 0, chose A s equal to 1 and assume that Ω ⊥ < Ω . Three dispersion regimes of the metasurface can be distinguished depending on the signature of the conductivity tensor (1): (i) a capacitive regime at ω < Ω ⊥ when Im(σ ⊥ ) < 0 and Im(σ ) < 0; (ii) an inductive regime at ω > Ω when Im(σ ⊥ ) > 0 and Im(σ ) > 0; a hyperbolic regime at Ω ⊥ < ω < Ω when Im(σ ⊥ )Im(σ ) < 0. The dispersion equation for surface waves propagating along the z-axis rotated by an angle α with respect to the -direction [see Fig. 1(a) ] is given by 22 :
Here we use the following notations:
Angle α is the main parameter, which determines the propagation direction of the surface wave with respect to the anisotropy axis of the metasurface. It defines the relationship between the anisotropic properties of the metasurface and polarization (spin) properties of surface modes. When α = πn/2 (n is an integer number), the wave propagates along one of the anisotropy axes of the metasurface. In this case, the right hand-side of Eq. (3) vanishes and the dispersion equation factorizes into two independent equations corresponding to the pure TE mode (left brackets) and the pure TM mode (right brackets). Straightforward analysis of Eq. (3) shows that (i) in the low-frequency (capacitive) regime the only TE mode is localized, (ii) in the high frequency (inductive) regime the only TM mode is localized, (iii) in the hyperbolic regime simultaneous propagation of both modes is possible.
For oblique propagation α = πn/2 , the two linear polarizations get mixed and strictly speaking no specific linear polarization can be assigned to the eigenmodes of the structure. However, for the brevity, further on we will denote the upper frequency mode as quasi-TM surface wave and lower frequency as quasi-TE one.
The quasi-TE mode has no frequency cut-off, but has an angular-dependent resonant frequency ω Figs. 2(a,c,e) ]. The quasi-TM mode can propagate at an arbitrary high frequency but has the angular-dependent frequency cut-off ω Figs. 2(a,c,e) ].
III. SPIN ANGULAR MOMENTUM OF HYBRID SURFACE WAVES
The spin angular momentum of a monochromatic electromagnetic field has intrinsic nature and is described by the local spin density. It should be noticed that total spin angular momentum of surface waves vanishes due to the symmetry of the problem. Total non-zero spin angular momentum can be revealed when permittivities of sub-and superstrate are different. However, in many practical problems local light-matter interactions (e.g., with atoms, nanoparticles, or quantum dots) are typically sensitive to the local spin density, in particular to the its electric part 27, [29] [30] [31] [32] 45 , which usually has more sophisticated x-dependent properties than the total spin 27 . Here and in what follows we will investigate the local spin density, which is the fundamental spin characteristic of surface modes, and we will denote it as spin angular momentum for the brevity.
For surface waves, localized along the x-axis, we determine the local spin density normalized per "one photon" in units = 1 as:
where W = |E| 2 + |H| 2 characterizes the local energy density of the field. The dependence on the coordinates is excluded due to the normalization by the local energy density in Eq. (5) .
In general case, we can express the electromagnetic fields through the polarization parameter m in this way:
Sign "+" corresponds to the upper half-space and "−" to the lower one. To analyze the spin angular momentum of the surface waves supported by the anisotropic metasurface, we consider the upper half-space. Substituting electric and magnetic fields of surface modes at the anisotropic metasurface (6) into Eq. (5), we arrive at the following expression:
Here the complex polarization parameter m is defined by the structure of the conductivity tensor in the surface waves, while for the plane waves m represents just a ratio of the transverse electric-field components E y /E x 26,27 . Equation (7) is the central analytical result of our work, which describes the local spin angular momentum density of surface electromagnetic modes at anisotropic metasurfaces.
Importantly, in the isotropic case, σ ⊥ = σ =σ and δσ = 0, when the conductivity tensor (1) is scalar, only pure TM (m=0) and TE (m = ∞) surface modes exist. This case corresponds, for example, to graphene plasmons 46 . Equation (7) shows that graphene plasmons carry purely transverse spin S = (0, κ/k z , 0) independent of the material properties.
For anisotropic metasurfaces, parameter m can take on arbitrary values. Then, the surface modes are elliptically polarized, and their spin angular momentum is rotated by an angle β with respect to the propagation direction, as shown in Fig. 1(b) . Special cases of m = ±i correspond to right-hand and left-hand circularly polarized waves (with κ ≪ k z ≃ k 0 and almost longitudinal spin S ≃ (0, 0, ±1)), whereas the m = 0 and m = ∞ cases correspond to TM or TE modes (with purely transverse spin S = (0, κ/k z , 0)). All intermediate cases with arbitrary spin direction (within the metasurface plane) can be realized for the surface waves under consideration.
Pure TE and TM surface modes appear for α = πn/2. For the oblique propagation α = πn/2, quasi-TE and quasi-TM modes are elliptically polarized and have non-zero longitudinal and transverse spin components. The evolution of these components S z and S y along the dispersion curves of the quasi-TE and quasi-TM surface waves for different propagation angles (α = π/12, π/4, 0.49π) are shown in Figs. 2(b,d,f) . The corresponding dispersions of the surface waves are shown in Figs. 2(a,c,e) . The longitudinal spin component of the quasi-TM mode can change from 1 [see Fig. 2(b) ] in the vicinity of frequency cut-off to 0 at high frequencies, whereas the longitudinal spin of the quasi-TE approaches zero both for the small and large k z .
Comparison of Figs. 2(b) and 2(d) shows that the hybridization is stronger when the propagation direction becomes farther from the the principal axes. So, at α = π/4, it results in relatively-large longitudinal spin S z for the quasi-TE mode. For the quasi-TM mode S z reaches 1 at some finite k z .
In the hyperbolic regime of the metasurface, simultaneous propagation of two modes is possible. For α = ±π/2, the dispersion curves of the TE and TM modes with purely transverse spin crosses, i.e. an accidental degeneracy takes place. Small deviation of α from ±π/2 lifts the degeneracies and anticrossing gaps open [see Fig. 2(e) ]. The anticrossings signify the hybridization of the TE and TM modes. This brings about sharp resonances in the longitudinal spin components [ Fig. 2(f) ]. In these resonances, hybridized surface eigenmodes acquire circularly polarizations and can posses nearly longitudinal spin. This is in contrast to the usual surface waves with purely transverse spin.
Notably, the quasi-TE and quasi-TM modes always have transverse spins of the same sign and longitudinal spins of opposite signs. The dependances of S z on α for three different dispersion regimes of metasurface is shown in Figs. 2(g,h,i) . For the quasi-TE mode, S z < 0 when α lies in the first and third quadrants and S z > 0 in the second and forth quadrants. For the quasi-TM modes, the situation is reversed. Note that for the quasi-TM Fig. 2(h) ]. This is due to the hyperbolic shape of the equal frequency contours, which forbids the propagation of the surface wave in certain range of angles.
Comprehensive information about angular and frequency dependances of the transverse (S y ) and longitu-TE-mode TM-mode dinal (S z ) spin components for quasi-TE and quasi-TM modes is provided in Fig. 3 . As discussed previously, the transverse spin increases monotonically with frequency for a fixed propagation direction for the both modes. At the same time, the longitudinal spin behaviour depends crucially on the propagation direction α. When α → π/2 one can see two resonances both for quasi-TM and quasi-TE modes, which are also seen in Fig. 2(f) . Finally, it should be emphasized that there are two mechanisms of the hybridization of surface TE and TM modes, which determine their spin angular momenta: (i) smooth anisotropy-induced hybridization of modes into quasi-TE and quasi-TM eigenmodes and (ii) resonant hybridization due to an accidental degeneracy of the eigenmodes in the hyperbolic regime. We notice also that two-dimensional control of the surface-wave spin can be extented to the full three-dimensional case by considering chiral metasurfaces. In this case, one can expect that eigenmodes will have also the vertical spin component.
IV. CONCLUSION
We have analyzed the spin angular momentum of surface waves localized at anisotropic metasurfaces. We have shown that hyperbolic metasurfaces allow flexible control of both the longitudinal and transverse compo-nents of the spin angular momentum of surface waves. This finding is in a sharp contrast to the properties of conventional surface waves localized at interfaces of isotropic materials, which carry purely transverse spin. Two-dimensional tunability of optical spin at anisotropic interfaces can enrich considerably various spin-orbit interaction phenomena, which currently attract enormous attention in nanophotonics and near-field optics [29] [30] [31] [32] [33] 37 .
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